Effect of impurity states on the NMR spectra of high-$T_c$ cuprates by Chang, J. et al.
ar
X
iv
:c
on
d-
m
at
/0
40
54
80
v2
  [
co
nd
-m
at.
su
pr
-co
n]
  2
3 D
ec
 20
04
Effect of impurity resonance states on the NMR spectra of high-T
c
cuprates
J. Chang,1 Y. H. Su,2 H. G. Luo,1 H. T. Lu,1, 3 and T. Xiang1, 2
1Institute of Theoretical Physics and Interdisciplinary Center of Theoretic Studies,
Chinese Academy of Sciences, P.O. Box 2735, Beijing 100080, China
2Center for Advanced Study, Tsinghua University, Beijing 100084, China
3Department of Physics, Peking University, Beijing 100084, China
A strong nonmagnetic impurity can induce a resonance state in the d-wave superconducting
state. As far as magnetic properties are concerned, this resonance state behaves effectively like a
free moment. It leads to a Curie-Weiss-like magnetic susceptibility in an intermediate temperature
regime below Tc. From the impurity susceptibility, the effective moment of the resonance state
is deduced and compared with experiments. The contribution of the resonance to the magnetic
susceptibility can account for the main feature of the NMR spectra in overdoped high-Tc materials.
In the underdoped regime, the contribution from the resonance to the magnetic susceptibility is also
substantial, but the effective moment of the resonance is smaller than the total moment induced by
a nonmagnetic impurity.
The substitution of impurities into cuprates has served
as an important probe in the study of high-temperature
superconductivity. Experiments were performed with
magnetic (Ni) as well as nonmagnetic (Zn, Li, Al) impu-
rities. Ni2+ carries a local moment. It leads to naturally
some kind of Kondo physics. However, the behavior of
nonmagnetic impurities is surprising. Theoretical analy-
sis indicates that Zn or some other nonmagnetic impu-
rities in CuO2 planes is a strong potential scatterer. It
can induce a sharp resonance peak near the Fermi level in
a d-wave superconducting state.1,2 This low-energy reso-
nance peak was observed in the scanning tunneling spec-
troscopy (STM) measurement around a Zn impurity3 and
the STM pattern associated can be understood by con-
sidering the effect of tunneling filter.4,5
However, the interpretation to the experimental
data obtained from magnetic measurements is still
controversial.6,7,8,9,10,11,12 A series of nuclear magnetic
resonance (NMR) experiments, such as the 89Y NMR
width of YBa2(Cu0.96Zn0.04)3O6+x samples with x ≥ 0.5
showed that the magnetic susceptibility associated with
Zn or other nonmagnetic impurities exhibits a Curie-like
behavior.6,7,8,9,13,14 This led to the suggestion that some
uncompensated spins are induced by Zn in a correlated
background with strongly antiferromagnetic fluctuations.
However, muon spin resonance (µSR) measurements on a
number of YBa2(Cu1−xZnx)O8 samples with different Zn
content found no evidence for an additional local moment
induced by Zn above the background.15 It was suggested
that the Curie-like Knight shift observed in NMR exper-
iments may result from a sharp low-energy peak in the
density of states already observed by STM, rather than
from induced local moments.16 In the overdoped regime,
since the magnetic correlation is dramatically suppressed,
the formation of induced local moments has also been
questioned.17
In this paper, we investigate the effect of resonance
states induced by a strong nonmagnetic impurity on
NMR spectra in a d-wave superconducting state. The
contribution of the resonance state to the spin-lattice re-
laxation rate as well as the Knight shift is shown to be
Curie-Weiss-like. From the impurity susceptibility, the
effective moment of the resonance state is determined
and compared with experiments. Our result is obtained
in the superconducting state. We believe that it can be
also qualitatively applied to the pseudogap phase of high-
Tc oxides, since the normal state pseudogap has similar
symmetry as the d-wave superconducting gap.
Let us consider the following BCS mean-field Hamil-
tonian of d-wave superconductors with a nonmagnetic
impurity.
H =
∑
k
C†k(ξkτ3 −∆kτ1)Ck +
V
N
∑
k,k′
C†kτ3Ck′ , (1)
where C†k = (c
†
k↑, c−k↓) and ξk is the energy dispersion of
normal electrons. τ1 and τ3 are the Pauli matrices. ∆k =
∆(T ) cos(2ϕk) is the temperature-dependent gap func-
tion of d-wave superconductors and ϕk = tan
−1 ky/kx.
V is the impurity scattering potential at r = 0.
For the δ-function scattering potential defined in Eq.
(1), only the s-wave scattering channel has a contribu-
tion to the scattering matrix. In this case, the Green’s
function of electron can be rigorously expressed as1,2,18
G(r, r′, ω) = G0(r−r′, ω)+G0(r, ω)T (ω)G0(−r′, ω), (2)
where G0(r, ω) is the unperturbed propagator, which
can be obtained from the Fourier transformation of the
Green’s function G0(k, ω) in the momentum space
G0(k, ω) =
1
ω − ξkτ3 −∆kτ1 .
For a d-wave superconductor, the T matrix T (ω) is diag-
onal and determined by the following equations
T (ω) = T0(ω)τ0 + T3(ω)τ3,
T0 =
1
piNF
G0(ω)
c2 −G0(ω)2 ,
T3 =
1
piNF
c
c2 −G0(ω)2 , (3)
2where NF is the normal density of states at the Fermi
level and
G0(ω) =
1
piNF
∑
k
ω
ω2 − ξ2k −∆2k
.
c = cot δ0 = 1/(piNFV ) and δ0 is the scattering phase
shift. In the strong scattering (or unitary) limit δ0 ∼ pi/2
and c ∼ 0. In the weak scattering (Born) limit, δ0 → 0
and c → ∞. In the discussion below, only the unitary
scattering limit will be considered.
In the complex ω plane, T (ω) has two poles when the
condition G0(ω) = ±c is satisfied. These two poles de-
fine the resonant states induced by an impurity and are
present at
Ω± = Ω
′ ± iΩ′′,
where Ω′ denotes the resonance energy and Ω′′ the res-
onance peak width. For a Zn impurity, δ0 ≈ 0.48pi and
c ≈ 0.0629, both Ω′ and Ω′′ are found to be much smaller
than the superconducting gap, (Ω′,Ω′′) ≪ ∆. Thus a
sharp resonance state is induced by a Zn impurity.
In the low-energy limit, the unperturbed Green’s func-
tion G0(r, ω) changes smoothly with ω and ImG0(r, ω)
approaches zero in the limit ω → 0. This means that
the imaginary part of G0(r,Ω′) at the resonance energy
is much smaller than its real counterpart and can be ap-
proximately taken as zero once r 6= 0. In this case, the
impurity correction to the Green’s function is then ap-
proximately given by
δG(r, r′ω) ≈ ReG0(r, 0)T (ω)ReG0(−r′, 0). (4)
The NMR spin-lattice relaxation and Knight shift are
proportional to the imaginary and real parts of the mag-
netic susceptibility, respectively. To study the impurity
corrections to these quantities, we use the Hamiltonian
first proposed by Mila and Rice for the hyperfine inter-
action between nuclear spins and conduction electrons.
This Hamiltonian contains direct hyperfine interactions
as well as exchange-induced hyperfine interactions be-
tween neighboring sites. The spin-lattice relaxation rate
at site r is then given by19,20
1
T1(r)T
=
kB
4µ2B~
2
∑
j,l
Fj,rFl,r lim
ω→0
χ′′(j, l, ω)
ω
(5)
where j or l runs over r and its four nearest neighbors.
When j = r, Fj,r = A is the direct hyperfine coupling
constant between the nuclei and the electrons on the
same site. When j 6= r, Fj,r = B is the hyperfine cou-
pling induced by the exchange interaction of Cu spins on
the two nearest neighboring sites.
In the limit ω → 0, the magnetic susceptibility
χ′′(j, l, ω) is given by
lim
ω→0
χ′′(j, l, ω)
ω
=
µ2Bβ
4pi
∫ ∞
−∞
dε
A(j, l, ε)
cosh2(βε/2)
, (6)
where
A(j, j′, ε) = [ImG11(j, j
′; ε)]2 + [ImG12(j, j
′; ε)]2,
and β = 1/kBT . In the clean limit, V = 0, A(j, j
′, ε) ∼
ε2 in the low-energy limit ε≪ ∆. It can be readily shown
from Eq. (6) that 1/T1 ∼ T 3. This T 3 behavior of 1/T1
was observed in high-Tc cuprates, in support of d-wave
superconductivity.
At low temperatures, the spin-lattice relaxation rate
is mainly determined by the resonance state. Using Eq.
(4) and assuming particle-hole symmetry, it is straight-
forward to show that the contribution of the resonance
state to the spin-lattice relaxation rate is approximately
given by
δ [T1(r)T ]
−1 ≃ kB
2pi~2
Z2(r)
∫ ∞
−∞
dε [T ′′11(ε)]
2
P (ε, T ), (7)
where
Z(r) =
∑
j
Fj,r{
[
ReG011(j, 0)
]2
+
[
ReG012(j, 0)
]2},
P (ε, T ) =
1
4kBT cosh
2(ε/2kBT )
.
In the intermediate-temperature regime, kBTc ≫ kBT ≫
Ω′, the integration in Eq. (7) is contributed mainly from
the pole of T11(ε), thus one can replace approximately
P (ε, T ) by P (Ω′, T ). In this case, P (Ω′, T ) ∼ 1/T , and
δ [T1(r)T ]
−1 ∼ 1
T
.
This 1/T behavior of (T1T )
−1 was observed in Zn-
substituted YBa2Cu4O8 samples in the superconducting
state.21 It is also consistent with the 63Cu NMR data for
Zn-substituted YBa2Cu3O6.7.
8
In the low-temperature limit, kBT ≪ Ω′, since P (T )
drops to zero exponentially with decreasing temperature,
the impurity correction to the spin-lattice relaxation rate
is exponentially small and negligible. In the NMR exper-
iments, the fast drop of (T1T )
−1 was generally taken as
an indication of spin freezing.8 However, the drop here
is due to the fact that the resonance state has a finite
excitation energy above the Fermi level and is difficult to
be excited when kBT ≪ Ω′.
Thus δ[T1(r)T ]
−1 varies nonmonotonically with tem-
perature. It first increases with decreasing temperature
and then drops after reaching a maximum. In the unitary
scattering limit, the peak temperature Tf of δ[T1(r)T ]
−1
is approximately given by kBTf ≃ 0.65Ω′. For Zn-
substituted materials, the induced resonance state en-
ergy Ω′ ∼ 17 K.3 The corresponding peak temperature is
estimated to be Tf ∼ 11 K, in agreement with the exper-
imental data for YBa2Cu3O6.7(YBCO),
8 where the peak
of (T1T )
−1 is located at ∼ 10 K.
Figure 1 shows the temperature dependence of
δ(1/T1T ), normalized by the total spin-lattice relaxation
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FIG. 1: Temperature dependence of the impurity contribu-
tion to the spin-lattice relaxation rate on one of the near-
est neighboring sites of the impurity, normalized by the total
spin-lattice relaxation rate N(T ) = (T1T )
−1 at Tc. The value
of the phase shift is given in the figure.
rate N(T ) = (T1T )
−1 at Tc, on one of the four near-
est neighbors of the impurity. In obtaining the curves
shown in this figure, the energy dispersion εk defined
in Ref. 22 and the zero-temperature superconducting
gap ∆(0 K)=25 meV are used. In this case, the normal
state density of states NF is about 1.9 eV
−1. The results
show that the impurity correction to the spin-lattice re-
laxation rate is very sensitive to the value of the phase
shift δ0. δ(1/T1T ) drops quickly with decreasing δ0. In
the limit δ0 = pi/2, δ(T1T )
−1 increases monotonically
with decreasing temperature.
The Knight shift is another important quantity mea-
sured by NMR experiments. It is determined by the real
part of the static magnetic susceptibility χ′ (Ref.23),
K(r) =
1
γeγn~2
∑
j
Fj,rχ
′(j), (8)
where
χ′(j) = −µ
2
B
pi
∫
dεP (ε, T )Tr ImG (j, j, ε) , (9)
In the unitary limit, (Ω′,Ω′′) ≪ ∆, the contribution
from the resonance to χ′ is approximately given by
δχ′(j) ≈ −µ
2
BTrReG
0(j, 0)ReG0(j, 0)
pi
∫
dεT ′′11(ε)P (ε, T ).
As for χ′′, the temperature dependence of δχ′(j) is pre-
dominantly determined by the resonance pole; thus
δχ′(j) ∼ P (Ω′, T ) .
Again, in the intermediate-temperature regime kBTc ≫
kBT ≫ Ω′, P (Ω′, T ) ∼ 1/T , from Eq. ( 9) we then have
δK(r) ∼ 1
T
. (10)
Thus the resonance state lead to a Curie-like term in the
Knight shift. In the low-temperature limit, kBT ≪ Ω′,
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FIG. 2: The Knight shift versus temperature on one of the
nearest neighboring sites of impurity. K(Tc) is the total
Knight shift at Tc. A = −4B is taken and the other pa-
rameters are the same as for Fig. 1.
P (Ω′, T ) drops exponentially with temperature. This
suppresses the divergence of K(T ) in low temperatures
and K(T ) becomes zero at zero temperature. This is dif-
ferent from the behavior of a free local moment. The
overall temperature dependence of the impurity contri-
bution to the Knight shift δK(r) on one of the nearest-
neighboring sites of the impurity is shown in Fig. 2. On
other sites, for example, on one of the Y sites closest to an
impurity in YBCO, the impurity correction to δK(r) is
smaller but the overall temperature dependence behaves
similarly.
The above results indicate that the impurity contribu-
tion to the Knight shift follows the Curie law in a broad
temperature regime in the superconducting state. Thus
the resonance state induced by an impurity is equiva-
lent to a local magnetic moment in the magnetic mea-
surement. This suggests that an effective moment cor-
responding to a resonance state can be defined from the
magnetic susceptibility by the following equation,
µ2eff
3kBT
=
∑
j
δχ′ (j) , (11)
where the summation runs over the four nearest neigh-
bors of the impurity. This effective moment can be
used to characterize a nonmagnetic resonance state in
the analysis of Knight shift data.
Figure 3 shows the effective moment µeff correspond-
ing to the resonance state. It should be emphasized that
both δχ′ and the effective moments depend on the energy
dispersion of normal electrons. The value of effective mo-
ment can be altered if an energy dispersion other than
that given by Norman et al. is used.22 In particular,
δχ′ is proportional to the normal state density of states
NF . If NF is doubled, then µeff will increase by a factor√
2. Close to Tc or at very low temperatures, the effec-
tive moment of the resonance state becomes small and
approaches zero in the zero-temperature limit. This is
different from a free magnetic moment and can in princi-
ple be used to separate the contribution of the resonance
state from that of a free magnetic moment.
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FIG. 3: The effective moment of a single nonmagnetic impu-
rity versus temperature.
If the temperature is not too low or too close to the crit-
ical temperature, the effective moment is about 0.3µB.
This is close to the effective moment induced by Zn
for slightly overdoped YBCO deduced from the mag-
netic susceptibility data.13 However, it is much smaller
than the effective moment induced by Zn for underdoped
YBCO or by Li for optimal doped YBCO. This indicates
that the resonance state induced by a strong nonmag-
netic impurity has substantial contribution to the NMR
spectra in the high-Tc superconducting state. This con-
tribution should be taken into account in the analysis
of the NMR data. However, the effective moment of
the resonance state is smaller than the total moments
induced by a nonmagnetic impurity in the underdoped
regime. The difference between the total moment de-
termined from magnetic measurements and the effective
moment of the resonance state can be attributed to the
contribution of local spins induced by a nonmagnetic im-
purity.
In conclusion, we have studied the effect of nonmag-
netic impurities on the NMR spectra of high-Tc super-
conductors. The resonance state near the Fermi sur-
face induced by a unitary impurity behaves effectively
like a magnetic moment in the d-wave superconducting
state. It contributes a Curie-Weiss term to the NMR
spin-lattice relaxation rate as well as the Knight shift in
the temperature regime Ω′ ≪ kBT ≪ kBTc. The con-
tribution of this induced resonance state can account for
the main feature of the NMR spectra in the supercon-
ducting state in overdoped high-Tc materials. In the un-
derdoped regime, the contribution of the resonance state
to the NMR spectra is also substantial, but the effective
moment of the resonance state is smaller than the total
moments induced by a nonmagnetic impurity.
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